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Matrix models of Yang-Mills type

Emerging
Geometries

D. Blaschke

Sy = —Tr[X% XX, XNactpa
— eom: [X[X% Xna =0

Introduction

m X% are Hermitian matrices acting on a Hilbert space H,
and 14 is D dimensional flat background metric — fixes
signature

m simplest solution of e.o.m.: [X? X?] = i#® = constant
= flat Groenewold-Moyal space Ry

m X%=(Xt®), p=1,...,2n, i=1,...,D —2n,
so that ®/(X) ~ ¢'(x) define embedding M?" — RP
(in semi-classical limit)
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Yang-Mills Matrix models |l

Emerging
Geometries

Introduction

m induced metric of 2n dimensional submanifold M?2" € RP

gpw(w) = aufv“&/wbnab
= Nuv + a,u(ﬁiaz/(ﬁjnij
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Yang-Mills Matrix models Il

Emerging
GECUIERIES m M?2" endowed with a Poisson structure

D. Blaschke —’i[X“,XV] ~ {xll?zV}PB — euy(x)
= “effective” metric

Introduction
/ -1
GW = e—aeupeuagpo_ - det 9/“/
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Yang-Mills Matrix models Il

Emerging
Cazmmizs m M?2" endowed with a Poisson structure

D. Blaschke —’i[X“,XV] ~ {xll?zV}PB — euy(x)
= “effective” metric

Introduction
-1
GW = e—aeupeuagpo_ o A/ det 9/“/

= (T 0 © Vdet Gy

m special case: 2n =4 = det G = det g,

m opens possibility for special class of geometries where
Gw/ =9uw jz =-1

m corresponds to a self-dual symplectic form 6
ie. O = %ngdx“ Adx” *6 = +i0

= e.o.m. V“G;j =0

—1
pv
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Yang-Mills Matrix models IV

Emerging
Geometries

D. Blaschke m example: scalar field ¢ on M* in the semi-classical limit
where X% ~ 2% are mere coordinates

Introduction

S[g] = =Tr[ X, o][X°, Pl1ac
~ /d4$ det 0;1/1 {Xa, ¢}PB {Xc, ¢}p3 Nac

= [d'z\/det Gy e 0" 0,20y 077 0z O Nac

= d4$\/mGyaau¢acf¢ ’
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D. Blaschke m example: scalar field ¢ on M* in the semi-classical limit
where X% ~ 2% are mere coordinates

Introduction

S[g] = =Tr[ X, o][X°, Pl1ac
~ /d4$ det 0;1/1 {Xa, ¢}PB {Xc, ¢}p3 Nac

= [d'z\/det Gy e 0" 0,20y 077 0z O Nac
== d4$\/mGyaay¢ag¢y

m natural vector fields: e?(f) := —i[X*¢, f] ~ 6*70,2%0, f

6/28



Yang-Mills Matrix models V

Emerging

Geometries m Also possible to add U(N) gauge fields A to the matrix
D. Blaschke model (for simplicity, consider only 4 dimensions):
YH =Xt —-0"A, “covariant coordinates”

Introduction

where the A,, are some U(IV) valued fields.
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Yang-Mills Matrix models V

Emerging

Geometries m Also possible to add U(N) gauge fields A to the matrix
D. Blaschke model (for simplicity, consider only 4 dimensions):

YH =Xt —-0"A, “covariant coordinates”

Introduction

where the A,, are some U(IV) valued fields.

m Field strength tensor appears in semiclassical limit of
commutator:

Y, YY) ~ i (1 — 67 A,0,) 0 — i0"°6""F,,

— Sy ~ Yang-Mills action

m Turns out, that this describes SU(N) gauge fields coupled
to gravity — where U(1) gauge field becomes geometrical
d.o.f. (see e.g. review of H. Steinacker, arXiv:1003.4134)
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Energy-momentum tensor when G/w = Juv

sl Sy oc Tr[XO XU T = HO
H® =11[x% X, [X° X°] e

D. Blaschke

H= Habnab >

Curvature &
Gravity
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Energy-momentum tensor when G/w = Juv

sl Sy oc Tr[XO XU T = HO
H® =11[x% X, [X° X°] e

D. Blaschke
H= Habnab )
matrix ward-identity: [X¢, T“/b]naa/ =0

Curvature &
Gravity

e semiclassical limit:
b b b b
T ~, 7 P , H® ~ _eo pa ’
P = g" 0,20, P = b — pgb
where Py 1 are the projectors on the normal resp. tangential

space at p € M?,
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Energy-momentum tensor when G/w = Juv

sl Sy oc Tr[XO XU T = HO
H® =11[x% X, [X° X°] e

D. Blaschke
H= Habnab )
matrix ward-identity: [X¢, T“/b]naa/ =0

Curvature &
Gravity

o semiclassical limit:
b b b b
T ~, 7 P , H® ~ _eo pa ’
P = g" 0,20, P =t — P
where Py 1 are the projectors on the normal resp. tangential
space at p € M*. This means that
Pt 8M$b Oz, Py 3;#“1; 0,
PT - PT, PN — PN
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Curvature

Emerging Can use projector Py to write down covariant derivatives

Geometries

D. Blaschke V= Y79’i'e'
PR OOy = (0" —PE)0 0y = (0,0, — I,0,)z"

a
=V,V,x
Curvature &

Gravity
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Curvature
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Geometries

D. Blaschke V = Vg, Ie
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Curvature &

Gravity from which follows V,2°V,V 2, = 0 and
PYV,Vyzp, =V, V2%

9/28



Curvature

Emersing Can use projector Py to write down covariant derivatives
eometries
V=V, ie

D. Blaschke

PR OOy = (0" —PE)0 0y = (0,0, — I,0,)z"
=V,V,z*

Curvature &

Gravity from which follows V,2°V,V 2, = 0 and
PYV,Vyzp, =V, V2%

= Riemann tensor:

Ropovp = Ry 0:2" 00 = [V, Vo V02"V,
= V,V,2°V,V,xa — VoV, 2°V,V, 2, (= G.-C. theo.)
= P (050,2a0,0, 1y — 050y x40,0,p)
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Curvature

Emerging Can use projector Py to write down covariant derivatives

Geometries V v .
= 1.e.
D. Blaschke g

PR OOy = (0" —PE)0 0y = (0,0, — I,0,)z"
=V,V,z*
Curvature &

Gravity from which follows V,2°V,V 2, = 0 and
PYV,Vyzp, =V, V2%

= Riemann tensor:
Rpgup = Ry, 0:20ux0 = [V, Vo |V, 2V 24
=VoV,u2'V, Vg — VoVy2V,Vyz, (— G.-C. theo.)
= P (050,2a0,0, 1y — 050y x40,0,p)
R =0y2Ogzq — V,V,2°VIV 2,
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One-loop effective action

Emerging

Geometries
D. Klammer and H. Steinacker, JHEP 02 (2010) 074:

D. Blaschke

1 1-
S‘I’ =-Tr (4[Xa?Xb] [Xa:Xb] + §¢’Ya[Xa, \I/])
Curvature &

Gravity
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One-loop effective action

Emerging

Geometries

IR D. Klammer and H. Steinacker, JHEP 02 (2010) 074:
1 a b 1~ a

Sy =—Tr E[X » X HXmXb] + §w7a[X a\Il]

Curvature &

Gravity

k 1 1
>0y iz [Vt s 02 (- g g0,

1 1
+ ge_UG“VQWRWpU + ZDgx“Dga:a)

+ O(log A)]
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Extensions to the matrix model action

Emerging e compare with:

Geometries
B S =Tr <aDX “0X, + g[X <, 1X% X)) [Xe, [Xa, XbH)
a+ " "
Curvature & ~ W \/§€ Dg-’L‘ Dg:ca
Gravity
B 1o i
+ Gy | V(300" B = 2R+ 79 00,0

with OX® = [X° [X;, X7]).
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Extensions to the matrix model action

Emerging e compare with:
D. Blaschke Sﬁ — Tr <aDX“DXa + g[Xc’ [Xa, Xb]][Xw [Xa’ Xb]])
a + a+p o
Curvature & /\/§€ nga‘:]gxa
Gravity
g <29“pc977aRup77a — 2R+ e”@“a@,ﬁ)

with OX® = [X° [X;, X7]).
e extensions of order 10
Sg.y = Tr <2TabDXaDXb - TabDHab>

2
oy [ VIR
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Deviations from G = g

Emerging m order 10-terms lead to E-H action only for G = g, but

Geometries
D. Blaschke variation requires G, = g + by

Curvature &
Gravity

12 /28



Deviations from G = g

e m order 10-terms lead to E-H action only for G = g, but

Geometries
variation requires G, = gy + by
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F., =0,A, —0,A,

D. Blaschke

Curvature &
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m variations
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Deviations from G = g

e m order 10-terms lead to E-H action only for G = g, but

Geometries
variation requires G, = gy + by
m dof ¢’ and 4, ie.
uv = Nuv + 3u¢2(90)3u¢7(1‘)% )
F., =0,A, —0,A,

D. Blaschke

Curvature &

Gravity -1 _ p—1
0 =00 + Fu,

m variations

O = 06G L =: h%) ,

5149;:3 = 6#51411 - anAu ) - G/.Ll/ = G + 5AG;W

m Several matrix terms are semiclassically equivalent for

G = g, but not for G # g.

— further terms possible (work in progress)
12 /28



Embedding of Schwarzschild metric

Emerging
Geometries

-1
as? = — (1= ) dth + (1-22) ar® + r2a0®
T T

Schwarzschild
Geometry
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Embedding of Schwarzschild metric

Emerging
Geometries

T -1
CECEED ds? = — (1 . E) dt% + (1 - E) dr? + 1r2d0>2
T T

Consider Eddington-Finkelstein coordinates and define:

t=ts+ (" —r), r =r+r.n

7“1',

Schwarzschild Tc

Geometry

C 2 Cc C
= ds? = — (1= 20) a2 + Zaar + (14 7) ar? 4 r2ag?
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Embedding of Schwarzschild metric

Emerging
Geometries

'7 -1
CECEED ds? = — (1 . E) dt% + (1 - E) dr? + 1r2d0>2
T T

Consider Eddington-Finkelstein coordinates and define:

t=ts+ (" —r), r =r+r.n

7“1',

Schwarzschild Tc

Geometry

C 2 C C
d? = (1 _ 7;) a2 + e ardr + (1 + L) dr? 1 12402
r r r
need 3 extra dimensions:
(Zsl 4 Z(ZSQ — ¢3e’iw(t+7‘) ,

¢3 = —y/—, where ¢3 is time-like

13/28



Embedding of Schwarzschild metric I

Emerging
Geometries

0. Blaschie 7-dim. embedding given by

t
r €os @ sin ¥
rsin @ sin v
Schwarzschild
Geometry laa — T COS 19
1 /re
v/ secos(w(t+1))
1 /e g
S/ esin (w(t+ 1))
1 /Te
w T

with background metric 1y, = diag(—, +, +, +, +, +, —).
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Embedded Schwarzschild black hole

Emerging
Geometries

Schwarzschild
Geometry
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Symplectic form

E H - .
ot Require x© =10, so that G** = 7007 g,, = g"" and

D. Blaschke lim e~ = const. # 0.
r—00

Schwarzschild
Geometry
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Symplectic form

E H . .
ot Require x© =10, so that G** = 7007 g,, = g"" and
D. Blaschke lim e~ = const. # 0.

r—00

Solution:

O =iE Ndts + B Adp,
E = ¢q (cos¥dr — rysinvdd) = d(f(r) cos ),

Schwarzschild
Geometry B=¢ (7“2 sin 9 cos ¥d1) + 7 sin? ddr) = %ld( *sin®99)
1=(1-5) ., =erm,  f=a=const,
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Symplectic form

E H . .
ot Require x© =10, so that G** = 7007 g,, = g"" and

D. Blaschke lim e~ = const. # 0.
r—00

Solution:

O =iE Ndts + B Adp,
E = ¢q (cos¥dr — rysinvdd) = d(f(r) cos ),

Schwarzschild

ey B = ¢ (* sind cos 9 + rsin’ Vdr) = 5.d(r* sin” )
7:<1_%)7 f(?“):clr"y’ flzclzconSt'7

from which follows
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Darboux coordinates

Emerging zlfy = {Hys, tg, Hy, ¢} corresponding to Killing vector fields

Geometries . .
N Vis = 04, , Vi, = O, where the symplectic form © is constant:
). Blaschke

Schwarzschild
Geometry
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Darboux coordinates

i zlfy = {Hys, tg, Hy, ¢} corresponding to Killing vector fields
N Vis = 01, , Vi, = 0, where the symplectic form © is constant:
O = icidHys Ndtg + crdH, N dp,
= c1d (iHysdts + Hydp)
1
His = rycosd, H, = 57”2 sin? ¥

Schwarzschild
Geometry
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Darboux coordinates

Emerging zlfy = {Hys, tg, Hy, ¢} corresponding to Killing vector fields

Geometries . .
N Vis = 04, , Vi, = O, where the symplectic form © is constant:
. Dlaschke

O = icidHys Ndtg + crdH, N dp,
= c1d (iHysdts + Hydp)
1
His = rycosd, H, = 57”2 sin? ¥

Schwarzschild
Geometry

Relations to the Killing vector fields:

E = cidHis = o1 E,da* = iy, 0, E, =V} 0,!

sVvp

B = c1dH, = ¢ Bdz” = iy, 6, B, =V},
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Darboux coordinates

Emerging zlfy = {Hys, tg, Hy, ¢} corresponding to Killing vector fields

Geometries . .
N Vis = 04, , Vi, = O, where the symplectic form © is constant:
. Dlaschke

O = icidHys Ndtg + crdH, N dp,
= c1d (iHysdts + Hydp)
1
His = rycosd, H, = 57”2 sin? ¥

Schwarzschild
Geometry

Relations to the Killing vector fields:

E = cidHis = o1 E,da* = iy, 0, EM = VYo,

vy

B = c1dH, = 1By dz" =iy, 0, = V”HV_N ,
ds?) = —ydt% + dHfS + r2sin? 9dp? + 7dH2
r2sin?¢9 ¥
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Star product

Emerging
Geometries

D. Blaschke

A Moyal type star product can easily be defined as

(9% h)(@p) = glap)e # (P8 ) piapy

. with
Schwarzschild
Geometry
0 « 0 O
w | =0 0 o0
o=l 00 0 1|
0 0 -1 0

where € = 1/¢; < 1 denotes the expansion parameter.
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Star product |

Emerging ...or in embedding coordinates:
Geometries

D. Blaschke

(g% h)(@) = g(x) exp [Z; ((R”Czj + 9 ie? ) AT,
(7= 7.2) 5+ (Fart Ty) ks )1 (o5, _ysx))]h(@
Schwarzschild
G

where care must be taken with the sequence of operators and
the side they act on.
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Star product |

Emerging ...or in embedding coordinates:
Geometries

D. Blaschke

(g% h)(z) = g(z) exp [Z; ((R”Cf + 9 Lie” ) ND,
: (( 9,—0 z) r;g + (gxa: + gyy) @) A (wgy — y5x>)]h(x)
Schwarzschild
Geometry

where care must be taken with the sequence of operators and
the side they act on.

Higher orders in this star product lead to non-commutative
corrections to the embedding geometry, e.g.:

G1 % Q1 + P2 x P2 # P3 % P3
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Star commutators for Schwarzschild geometry

Emerging
Geometries

D. Blaschke

0 _Tey rew i izfih (1) izfy (1) izg3
r2 r2 »,:r T 22
rey 0 -5 _reyz =y —ufa () _ yves
r2 € r3 I T 272
_reT _ -7 0 TexZ zf5(y) zfy (v) zy 3
r2 € r3 r r 2r2
1 TcYyz TcTZ 0 - . 0
Schwarzschild i % - T _ZW¢2 Zw¢1
Ceaminy —izf12(1) yf12(7) _xfm(’Y) - iwzr,bg —iwzPz P
w2 0 — 5,2 )
T T r R 2r 2r
—izfy; (1 " —zf5 , iwz j
];21( ) yfz:‘(’Y) fil () —iwer 2TZ53 0 WZQ(fgtﬁl
__12¢3 yy¢s _zYP3 0 iwzPs P2 —iwzpzP1 0
2r2 2r2 2r2 272 272
3
+0(€),

with

f5(Y) = (;@iw%‘) :
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Embedding of Reissner-Nordstrom metric

Emerging RN metric in spherical coordinates z# = {t,r, 9, ¢}:

Geometries

D. Blaschke 2 2m q2 2 2m q2 ! 2 2
ds:—<1—+2>dt +<1—+2> dr? + r2dS)
T T

T T

which has two concentric horizons at

T = (m:l:\/mzi—(ﬁ)

RN

Geometry
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Embedding of Reissner-Nordstrom metric

Emerging RN metric in spherical coordinates z# = {t,r, 9, ¢}:

Geometries

D. Blaschke 2 2m q2 ) 2m q2 ! 2 2
ds:—<1—+2>dt +<1—+2> dr? + r2d9)
r r r r

which has two concentric horizons at
T = (m:l: vm? — q2)
Shift the time-coordinate according to
RN

3 -1
Geometry t — t + (7"* _ T_) , Wlth dr* = (1 — 27771 “I’ g.é) d?"7

and arrive at
2 2 2 2
ds? = (1—m+ )dt2+2<m q2>dtdr
r r

2
+ <1+m—qz> dr? + r2dQ.
T T

21/28



Embedding of RN metric Il

Emerging
Geometries

D. Blaschke

10-dimensional embedding M'3 < R*6 with additional

coordinates ¢; given by

. 1 /2m
¢1 + idy = pze™ )| 3 =—\—,
w r
RN
Geometry ¢4 + Z¢5 ¢6€ t+T ¢6 = &
wr

@3, ¢4 and @5 are time-like coordinates.
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Symplectic form and Darboux coordinates

Emerging
Geometries

D. Blaschke

(idH; A di + dH, A dy) |

2 e
H; =~rcos?, H¢:2<1—2>sin219,
r

RN

Geometry
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Symplectic form and Darboux coordinates

Emerging
Geometries

D. Blaschke

o =

o=

(idH; A di + dH, A dy) |

2 P
H; =~yrcos?, H, = ) <1_r2> sin? ¥,
2m 2
r r

2\ 2
e 7 =~sin?d + <1 — 612> cos? ¥
T

RN

Geometry
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Symplectic form and Darboux coordinates

Emerging
Geometries

D. Blaschke 1
O == (idH; Ndt + dH, A dyp)
€
2 2
H; =~rcos?, Hga:% <1—;]2> sin? 4,
2 2
— (1—m+qQ> ,
r r
RN
Geometry 2 2
e 7 =~sin?d + <1_612> cos? ¥
r
a _
ds?, = — d£2+e—dH~2+r281n279d 2+7dH2
D v vt 14 r2sin?¢9 ¢
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Star product for RN geometry

Emerging
Geometries

M A Moyal type star product can again be defined as

(9% W)(@p) = glap)e (P95 ) h(apy

with the same block-diagonal 6#¥ as before.

RN
Geometry
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Star product for RN geometry

Emerging
Geometries

M A Moyal type star product can again be defined as

(9% W)(@p) = glap)e (P95 ) h(apy

with the same block-diagonal 6#¥ as before.

...and once more, higher orders in the star product lead to

Geometry non-commutative corrections to the embedding geometry, e.g.:
1% 91+ P2 % P2 F P3*x @3,
P4 * Pa + G5 % 5 F# P * D6 -

24 /28



Star commutators for RN geometry

Emerging
Geometries

— g [t x nwY _ o0
D. Blaschke t [‘/L. ) L ] ~0 =c€e

_(1— . 92 1— . 92 .
0 ( Tv)y + zqrfz ( Tv)w + qufz —if
A-—)y 0 e—s —yzn
T r
—(1—y)= —eS 0 zz1)
7/% zZn —x2zn TO
2 2
. ~ ol
o —i[p; ¥ at] = ee
. +
Geometry 7220‘ff—2(%) yflz(%) _ ig?zzwes *"L’ff—z(%) _ i yzwdo . ¢ 6
. N rd T rd Wwo2
*lzale(i) yle(i) + tizzwdn *Ile(i) 4 iq2yzw¢>1 —Z(U(b ﬁ
T r rd r rd 1
—zz¢>23a ZN%S —I’Y2¢3 0
2r 2r T
—izafi5(1) Y50 igPzzwds —2f5(0) _ igtyrwes iwds
T r 5 rd T 5 rd 5
—izofgy (1) yf54(7) + ig"z2Wwda —xf54(7) + ig”yzwea —iwdaf
T r ri T rd 4
—iz¢ex yvde —zyde 0
r2 72 r2
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Star commutators for RN geometry |

Emerging
Geometries

—ilgi ¥ dj] ~ e€”

D. Blaschke
0 —iwzgia —iwzdszdra  —iwzdipsa —iwzagg —iwzdsPsa
R 272 272 272 272 T
iwzgza 0 iwzdzpro —iwzage iwzgapsc iwzgpzpaa
. 2r2 . 272 . 2r2 o272 r2
iwzpzpaa —iwzpzdia 0 iwzpspsa _ wz¢spaa 0
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of matrix models.

m Discussed explicit embeddings of Schwarzschild and RN
geometries including self-dual symplectic forms.

m Open questions: deviations from G = g, higher order
Conclusion quantum effects, etc. (work in progress).
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